Let E denote the real inner product space that is the union of all finite dimensional Euclidean spaces. There is a bounded nonconvex set S, that is a subset of E, such that each point of E has a unique nearest point in S. Let H denote the separable Hilbert space that is the completion of space E. A condition is given in order that a point in H have a unique nearest point in the closure of S. We shall also provide an example where the condition fails.
Introduction
In 1934 Bunt [2] showed that if E is a finite dimensional Euclidean space and B is a subset of E, then each point in E has a unique nearest point in B if, and only if, B is a closed and convex set. In [5] it was shown that if E is the inner product space that is the union of all finite dimensional Euclidean spaces, with the usual scalar multiplication, inner product and induced norm, then there is a closed nonconvex set S in E, such that each point in E has a unique nearest point in S. Such a set S is a shell-like construct, and it may be noted that the complement of such a set has two components, one of which is the union of a nested sequence of convex sets and hence convex. It was shown in [7] that by modifying the construction given in [5] such a nonconvex set S may be constructed so that S is bounded. In [4] an error in [5] is nicely corrected.
For an historical exposition on the background of unique near point problems see [3] . By a Chebyshev set we mean a closed set C such that each point in the space has a unique nearest point in C.
The problem about nonconvex Chebyshev sets in a Hilbert space was first raised by Klee [8] . Asplund [1] and Vlaslov [9] have other results concerning the problem of nonconvex Chebyshev sets. Finally, in [6] there is an abstraction of the notion of convexity to metric spaces.
Background and notation
A set S was constructed in [5] as a subset of the real inner product space E of all real sequences having at most a finite number of nonzero terms, with inner product (x, y) = i x i y i , where x = (x 1 , x 2 , . . .), y = (y 1 , y 2 , . . .) and induced norm x = √ (x, x). We let {φ 1 , φ 2 , . . .} be the standard orthonormal basis for E, i.e., for each positive integer n, φ n is that sequence in E for which each term is zero except the nth term, which is one. We follow the notation given in [5, 7] and note that it was shown there that there is a sequence of functions {F n } ∞ n=0 and a positive number sequence {A i } ∞ i=0 that converges to 0, called the determining sequence, used to define S. It was shown that if the additional constraint, for each positive integer n, 0 < A n (8/9) [(3/2) 1/2 n − 1], is placed on the determining sequence {A i } ∞ i=0 , then the resulting set S is bounded. We will use the following definitions from [5] :
Also, we shall use the following notation: X n = (x 1 , . . . , x n ), and
Again following the notation in [5] , for each positive integer n 1,
, and
We shall denote by H the completion of E, and the closure in H, of the nonconvex Chebyshev set S, by T .
The determining sequence, {A i } ∞ i=0 , converges to 0, which then, if the set S is bounded, implies that the sequence of functions {a i } ∞ i=0 . Converges to the constant 1 function and the function sequence {F i } ∞ i=0 , tends to a spherical function. This then raises the question of what will occur when we consider T , the closure of the set S in H . Will T be a Chebyshev set? The following theorem addresses this question and gives a partial answer. If this is not true, then there is sequence of open balls centered at P such that their diameters converge to 0 and in each, a point that is in E such that it is unique nearest point is not in O Q . Such a sequence converges to P and the associated unique nearest point sequence in S, does not converge to Q which is a contradiction.
Theorem. If each of P and Q is a point in
The second result is that there is no point of S in the open ball B centered at P with radius Q − P .
If there is a point of S in B, then call one such C. A straightforward calculation shows that
Thus W is closer to Q than W is to Q. If W, Q and Q are in E, then we have a contradiction. Suppose that W, Q and Q are not in E, from the above we have the following, 
From the above calculations 4γ δ = W − Q − W − Q , and
It is then clear that there is a point in E ∩ O Q that is closer to Z than any point in O Q , which then is a contradiction. We then have that Q is the unique nearest point to P .
It should be noticed that the above argument did not require that the set S be bounded. The above condition, that the sequence Q 1 , Q 2 , . . . (where Q n = (X n , F n (X n ))) converges, requires that the sequence F 1 (x 1 ), F 2 (x 1 , x 2 ) , . . . converge to zero. Keeping in mind how the set S is constructed in stages, this implies that the point Q n at the nth stage of the construction of S, is 'close' to D n−1 .
We shall now demonstrate an example, assuming that S is bounded, of a sequence where the conditions of the theorem fail. 2 Example. We construct an example of a point sequence P 1 , P 2 , . . . each term of which is in E that converges to a point P in H, such that the sequence Q 1 , Q 2 , . . . does not converge, where for each positive integer i, Q i is the unique nearest point in S, to P i .
In [7] there was constructed a number sequence c 1 , c 2 , . . . where c 1 = 1/2 and for each integer n > 1, 1 , c 2 , . . . , c n−1 ),  l n = L n (c 1 , c 2 , . . . , c n−1 ) and c n+1 = A n l n f n /2.
For each positive integer n, define P n as (c 1 , c 2 , . . . , c n ) . It was shown in [7] that for each positive integer n, the point (P n , F n (P n )) is the high point of the function F n , and thus, since F n is nonnegative on D n , D i F 2 n (P n ) = 0 for i = 1, 2, . . . , n. From the definition of the homeomorphism G n , we have that for each positive integer n, the point P n is a fixed point of G n .
The homeomorphism G −1 n maps P n to a point W n ∈ D n , such that the point in S, (W n , −F n (W n )), is the unique nearest point to P n . It then follows that the unique nearest point in S to the point P n , is Q n = (P n , −F n (P n )).
We now have two point sequences, P 1 , P 2 , . . . and Q 1 , Q 2 , . . . where for each positive integer n, Q n − P n is orthogonal to each of Q 1 − P 1 , Q 2 − P 2 , . . . and Q n−1 − P n−1 . It was shown in [7] that Q n − P n < Q n+1 − P n+1 for every positive integer n. Thus the sequence Q 1 , Q 2 , . . . does not converge.
It was also shown in [7] that n c 2 n < 1/2, from which it follows that the sequence P 1 , P 2 , . . . converges to the point P = (c 1 , c 2 , . . .) , which completes the argument, i.e., there is a convergent sequence P 1 , P 2 , . . . such that the sequence Q 1 , Q 2 , . . . does not converge, where Q i is the unique nearest point in S to the point P i .
Concluding remarks
The example above does not show that P has no unique nearest point in T , only that the theorem does not hold.
Notice the following properties of the sequence G 1 , G 2 , . . . of homeomorphisms:
Observe first that the homeomorphism G 1 is defined on D 1 , which is essentially the num- For every positive integer n, each point P in the set C n is the end point of a ray that passes through the unique nearest point Q, to P , in S n . Every point on this ray has Q as its unique nearest point in S n thus the set C n then is a 'sun'.
The image of −F n under G n+1 is D n , the image of a n F n is the surface over D n , and the maximum height of D n+1 is max a n (x 1 , . . . , x n ) − 1 F n (x 1 , . . . , x n ): x 1 , . . . , x n ∈ d n .
If we use the additional constraint on the determining sequence such that S is bounded, then the above is less than A n K, for some fixed constant K that is determined by the bound for the set S. Thus the closure in H, of C n , is a subset of a Hilbert cube and hence compact.
